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Convergence (with constraints!)

Computation Tree

t = 4

Object of interest:

∂

∂pj→a
x?(p)i

Application:
Network Flows and Laplacian Solvers

Directed graph G = (V ,E)

minimize
∑
e∈E

(xe)
2︷ ︸︸ ︷

fe(xe)

subject to Ax = b

Ave :=


1 if e leaves v,

−1 if e enters v,

0 otherwise.

“A new approach to Laplacian solvers
and flow problems,” arXiv:1611.07138

(2016)
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minimize
∑
v∈V

fv(xv)

subject to xv = xw, {v, w} ∈ E

Classical setting: fv(xv) := (xv − bv)2 (network averaging problem)

x

fv(x) fw(x)

xv xw

fv(xv) fw(xw)

xv = xw



Classical algorithms for Consensus
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b7

I x(0) = b and x(t) = Wx(t−1)

I limt→∞W t → 11T /n (Boyd, Xiao, 2004)

I Common choice:

Wij =


1/(2dmax) if {i, j}∈E
1−di/(2dmax) if i = j

0 otherwise

I min{ρ(W−11T /n) : W symm} is SDP

I Diffusive convergence time O(D2)
achieved by W (D is graph diameter)

I Lower-bound: Ω(D)
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Q. Subdiffusive rates?
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Min-Sum for Consensus

1

0

Min-Sum

Min-Sum does not converge
in graphs with loops

(Moallemi, Van Roy, 2006)

variable → factor

i a

µ
(t)
i→a

factor → variable

a i

µ
(t)
a→i



Min-Sum for Consensus

1−1/n

1/n

?

Q. Can modify
Min-Sum?

variable → factor

i a

µ
(t)
i→a

factor → variable

a i

µ
(t)
a→i



Min-Sum Splitting

(Ruozzi and Tatikonda, 2013)

variable → factor

i a

µ
(t)
i→a

µ
(t)
i→a(xi) = fi(xi)+∑
b∈∂i\a

Γbµ
(t−1)
b→i (xi) + (Γa−1)µ

(t−1)
a→i (xi)

factor → variable

a i

µ
(t)
a→i

µ
(t)
a→i(xi) =

min
x∂a\i

(∑
j∈∂a\i

µ
(t−1)
j→a (xj)+

fa(x∂a\i, xi)

Γa

)



Min-Sum Splitting

Min-Sum Splitting ≡ Min-Sum applied to new formulation of obj. function.

Original objective function
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Min-Sum Splitting for Consensus

Define:

ĥ(w,v) := bw

K̂(w,v)(z,u) :=


Γzw if u = w, z ∈ N(w) \ {v}
Γvw − 1 if u = w, z = v

0 otherwise

Algorithm 1: Min-Sum Splitting for Consensus

Input: Initial messages R
(0)
(v,w), r

(0)
(v,w); symmetric Γ ∈ Rn×n.

for s ∈ {1, . . . , t} do

R̂(s) = 1 + K̂R̂(s−1);
r̂(s) = ĥ+ K̂r̂(s−1);

Output: x
(t)
v :=

bv+
∑

w∈N(v) Γwv r̂
(t)
wv

1+
∑

w∈N(v) ΓwvR̂
(t)
wv

, v ∈ V .



Results

I Let W ∈ Rn×n be symmetric with W1 = 1 and ρW := ρ(W −11T /n) < 1.

I Let Γ = γW , with γ = 2/(1 +
√

1− ρ2
W ).

Theorem

Define: K :=
(

γW I
(1− γ)I 0

)
, K∞ := 1

(2−γ)n

(
11T 11T

(1− γ)11T (1− γ)11T

)
.

Then, ‖x(t) − b̄1‖ ≤ 4
√

2n

2− γ
‖(K −K∞)t‖ .

The asymptotic rate of convergence is given by

ρK := ρ(K −K∞) = lim
t→∞

‖(K −K∞)t‖1/t =

√
1−

√
1− ρ2

W

1 +
√

1− ρ2
W

< ρW < 1,

which satisfies 1
2

√
1/(1− ρW ) ≤ 1/(1− ρK) ≤

√
1/(1− ρW ).

Same rate as shift-register methods (Ghadimi, Shames, and Johansson, 2013).

(Asymptotic) convergence time O(D logD).



Results

I Let W ∈ Rn×n be symmetric with W1 = 1 and ρW := ρ(W −11T /n) < 1.

I Let Γ = γW , with γ = 2/(1 +
√

1− ρ2
W ).

Theorem

Define: K :=
(

γW I
(1− γ)I 0

)
, K∞ := 1

(2−γ)n

(
11T 11T

(1− γ)11T (1− γ)11T

)
.

Then, ‖x(t) − b̄1‖ ≤ 4
√

2n

2− γ
‖(K −K∞)t‖ .

The asymptotic rate of convergence is given by

ρK := ρ(K −K∞) = lim
t→∞

‖(K −K∞)t‖1/t =

√
1−

√
1− ρ2

W

1 +
√

1− ρ2
W

< ρW < 1,

which satisfies 1
2

√
1/(1− ρW ) ≤ 1/(1− ρK) ≤

√
1/(1− ρW ).

Same rate as shift-register methods (Ghadimi, Shames, and Johansson, 2013).

(Asymptotic) convergence time O(D logD).



Results

I Let W ∈ Rn×n be symmetric with W1 = 1 and ρW := ρ(W −11T /n) < 1.

I Let Γ = γW , with γ = 2/(1 +
√

1− ρ2
W ).

Theorem

Define: K :=
(

γW I
(1− γ)I 0

)
, K∞ := 1

(2−γ)n

(
11T 11T

(1− γ)11T (1− γ)11T

)
.

Then, ‖x(t) − b̄1‖ ≤ 4
√

2n

2− γ
‖(K −K∞)t‖ .

The asymptotic rate of convergence is given by

ρK := ρ(K −K∞) = lim
t→∞

‖(K −K∞)t‖1/t =

√
1−

√
1− ρ2

W

1 +
√

1− ρ2
W

< ρW < 1,

which satisfies 1
2

√
1/(1− ρW ) ≤ 1/(1− ρK) ≤

√
1/(1− ρW ).

Same rate as shift-register methods (Ghadimi, Shames, and Johansson, 2013).

(Asymptotic) convergence time O(D logD).



Results

I Let W ∈ Rn×n be symmetric with W1 = 1 and ρW := ρ(W −11T /n) < 1.

I Let Γ = γW , with γ = 2/(1 +
√

1− ρ2
W ).

Theorem

Define: K :=
(

γW I
(1− γ)I 0

)
, K∞ := 1

(2−γ)n

(
11T 11T

(1− γ)11T (1− γ)11T

)
.

Then, ‖x(t) − b̄1‖ ≤ 4
√

2n

2− γ
‖(K −K∞)t‖ .

The asymptotic rate of convergence is given by

ρK := ρ(K −K∞) = lim
t→∞

‖(K −K∞)t‖1/t =

√
1−

√
1− ρ2

W

1 +
√

1− ρ2
W

< ρW < 1,

which satisfies 1
2

√
1/(1− ρW ) ≤ 1/(1− ρK) ≤

√
1/(1− ρW ).

Same rate as shift-register methods (Ghadimi, Shames, and Johansson, 2013).

(Asymptotic) convergence time O(D logD).



MAIN MESSAGE:

General toolbox for Min-Sum in convex optimization.

Consensus problem:

I First analysis for Min-Sum Splitting (rate of convergence).

I Quasi-optimal convergence time O(D logD), improving previous results in
(Moallemi, Van Roy, 2006) (Θ(D2(d−1)/d) for (d/2)-dimensional grids).

I Connection Min-Sum Splitting and accelerated methods:(
x(t)

x(t−1)

)
= K̂(δ,Γ)

(
x(t−1)

x(t−2)

)

with K̂(δ,Γ) :=

(
(1− δ)I − (1− δ)diag(Γ1) + δΓ δI
δI − δdiag(Γ1) + (1− δ)Γ (1− δ)I

)
.
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